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We study the eigenstate properties of a nonintegrable spin chain that was recently realized ex-
perimentally in a Rydberg-atom quantum simulator. In the experiment, long-lived coherent many-
body oscillations were observed only when the system was initialized in a particular product state.
This pronounced coherence has been attributed to the presence of special “scarred” eigenstates with
nearly equally-spaced energies and putative nonergodic properties despite their finite energy density.
In this paper we uncover a surprising connection between these scarred eigenstates and low-lying
quasiparticle excitations of the spin chain. In particular, we show that these eigenstates can be
accurately captured by a set of variational states containing a macroscopic number of magnons with
momentum pi. This leads to an interpretation of the scarred eigenstates as finite-energy-density con-
densates of weakly interacting pi-magnons. One natural consequence of this interpretation is that
the scarred eigenstates possess long-range order in both space and time, providing a rare example
of the spontaneous breaking of continuous time-translation symmetry. We verify numerically the
presence of this space-time crystalline order and explain how it is consistent with established no-go
theorems precluding its existence in ground states and at thermal equilibrium.
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I. INTRODUCTION
A recent experiment [1] in Rydberg-blockaded atomic
lattices showed unexpected persistent oscillations in mea-
surements of local observables after a quench from the
Ne´el state. The existence of such oscillations and their
long-lived coherence is remarkable given that the chosen
initial state nominally resembles an infinite-temperature
state from the point of view of the underlying quantum
many-body system, which is strongly interacting. In such
a scenario, the expectation based on the eigenstate ther-
malization hypothesis (ETH) [2–5] is that the system
rapidly loses memory of the initial state and becomes
essentially featureless. Although it is well known that
such ergodic dynamics can be avoided due to either inte-
grability or many-body localization (MBL) [6–9], neither
of these scenarios appears to apply for the experiment
in question. These experimental results therefore present
an interesting and fundamental puzzle that has attracted
substantial recent attention.
The observed oscillations were quickly shown to result
from the existence of a set of special “scarred” eigen-
states [10–12] that have anomalously high overlap with
the Ne´el state, anomalously low entanglement, and a
near-constant energy spacing between them, giving rise
to long-lived quantum coherence. While various proper-
ties of these “quantum many-body scar” states have been
established [10–15], a microscopic picture of their origin
is lacking. This leaves open a number of important ques-
tions regarding their robustness, ubiquity and physical
interpretation.
The surge of interest in these eigenstates has also
drawn attention to earlier examples of “special” low-
entanglement eigenstates in otherwise generic models, in-
cluding the “η-pairing” states in the Hubbard model [16,
17] and the bimagnon tower of states in nonintegrable
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2AKLT spin chains [18, 19] [20]. These examples are ap-
pealing due to their analytical exactness and clear un-
derlying physical picture, but it has hitherto not been
clear to what extent, if at all, such a picture underlies
the scarred eigenstates of the model simulated by the
experiment [1].
In this paper we demonstrate that the scarred eigen-
states found in Ref. [10] admit a surprising description
in terms of low-lying magnon excitations above the para-
magnetic ground state of the experimentally relevant
model. In particular, we show that a basis of only polyno-
mially many variational states built primarily of magnons
carrying momentum pi captures both zero- and finite-
energy-density scar states with remarkable accuracy. We
further demonstrate that the scar states at finite en-
ergy density harbor a macroscopic number of these pi-
magnons, suggesting an interpretation of the scar states
as pi-magnon condensates. This allows us to make con-
tact with the aforementioned η-pairing states in the Hub-
bard model and bimagnon states in the AKLT models,
which also feature macroscopic numbers of pi-momentum
excitations.
The pi-magnon-condensate picture proposed here im-
plies that the scar states exhibit long-range order at
wavenumber pi. We show that this in combination
with the near-constant spacing of energy levels leads to
unequal-time connected correlations that are periodic in
both space and time in the scarred eigenstates at fi-
nite energy density. Such nontrivial unequal-space-time
connected correlators are a definitive [21] hallmark of
space-time crystalline order (see Ref. [22] for a review).
Notably, the space-time crystalline order reported here
involves the spontaneous breaking of continuous time-
translation symmetry and thus more closely resembles
the original proposal for time crystals [23] than it does
the so-called “discrete time crystal” scenario [24–27] that
has been observed in several recent experiments on pe-
riodically driven systems [28–33]. Such order is enabled
without periodic driving in the present context by the
highly-excited yet nonthermal nature of scar states at
finite energy density. This spatiotemporal long-range or-
der is an unusual example of eigenstate order [34], which
is typically only associated with MBL systems but here
arises in the unorthodox setting of rare eigenstates in an
otherwise ergodic quantum system.
The remainder of this paper is organized as follows. In
Sec. II we introduce the Rydberg-atom model studied ex-
perimentally in Ref. [1] and briefly review the phenomena
associated with quantum many-body scars. In Sec. III we
study the low-energy properties of the Rydberg model
using the single-mode approximation (SMA) and moti-
vate the possibility of a pi-magnon description of the scar
states. In Sec. IV we validate this description by show-
ing how the SMA can be extended to build a tower of
pi-magnon states whose span captures the scarred eigen-
states with high fidelity. We explore the consequences of
the pi-magnon description in Sec. V and show that it im-
plies long-range space-time crystalline order of the scar
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FIG. 1. Overlaps with the Ne´el state |Z2〉 of the eigenstates
of (2.1) as a function of their energy E (blue dots). The data
shown are for L = 24 in the k = 0 sector. The primary scar
states are denoted by green diamonds. The circles denote
the Z2 overlap and energy expectation values of the (renor-
malized) projections of eigenstates onto the multimagnon vec-
tor space Vpi,δk (discussed in Sec. IV). Only the projections
of eigenstates whose total weight in Vpi,δk exceeds 60% are
shown. The multimagnon vector space captures well not only
the primary scar states, but multiple “descendant” scar states
at the same energy density that have smaller Ne´el overlap.
states at finite energy density. In Sec. VI we show that
a previously studied deformation of the model that was
found to enhance the stability of the observed oscilla-
tory dynamics [12, 13] also enhances the pi-magnon de-
scription and long-range order of the scar states, further
emphasizing the relevance of our picture. Concluding re-
marks and discussion are presented in Sec. VII.
II. MODEL
In this paper we focus on an effective model that is
relevant to ongoing experiments studying arrays of Ryd-
berg atoms [1, 35, 36]. As discussed in Refs. [1, 10, 37],
the nearest-neighbor Rydberg blockade regime in such
arrays is well-described by the so-called “PXP” model,
which can be written in spin-1/2 notation as
H =
L∑
j=1
Pj−1XjPj+1, (2.1)
where L is the system length,
Pj =
1− Zj
2
(2.2)
is a local projector onto spin down, and where we de-
note the Pauli operators on site j by Xj , Yj , and Zj .
Throughout this work we assume periodic boundary con-
ditions such that j = L + 1 ≡ 1. The “up” and “down”
3spin states |↑ 〉 and |↓ 〉 represent a Rydberg atom in its
excited and ground state, respectively. The Hamiltonian
(2.1) is thus interpreted as a sum of local spin-flip oper-
ators resulting from driving atoms between their ground
and excited states, subject to the additional Rydberg-
blockade constraint that no two neighboring atoms can
be excited simultaneously due to strong nearest-neighbor
interactions. The dimension of the Hilbert space in the
presence of the blockade constraint scales as ϕL, where
ϕ = 1.618 . . . is the golden ratio.
We now review several remarkable properties of the
model (2.1) that have previously been identified. It was
first shown in the experiment [1] that a quench from the
Ne´el state,
|Z2〉 = |↑↓↑↓ · · · 〉, (2.3)
leads to long-lived persistent oscillations of local ob-
servables far beyond the O(1) microscopic timescale of
Eq. (2.1). It was later shown that this phenomenon may
be attributed to an extensive (but measure-zero) set of
special “scarred” eigenstates that have nearly equal en-
ergy spacing, unusually high overlap with the Ne´el state
(see, e.g., Fig. 1) and anomalously low entanglement scal-
ing as lnL [10–12]. We call the scar states having the
highest overlap with the Ne´el state at a given energy
density the “primary” scar states. There are exactly
L + 1 such states, and their properties were found in
Refs. [10, 11] to be well captured by a forward scatter-
ing approximation (FSA) inspired by Krylov subspace
techniques. The symmetry structure of the primary scar
states, which will be important for the discussion below,
is such that their total momentum (either 0 or pi) al-
ternates successively as their energy increases from the
ground state (which is a zero-momentum scar state).
The existence of such special eigenstates in the
model (2.1) directly contradicts [14] the strong ETH,
which states that every eigenstate at a given finite energy
density yields expectation values of local observables that
are consistent with the canonical ensemble at a tempera-
ture determined by the energy density [2–5]. For states in
the middle of the many-body spectrum (nominally at in-
finite temperature), the ETH predicts volume-law entan-
gled states, whose entanglement scales as L, in contrast
to scarred states, whose entanglement evidently scales as
lnL [10–12]. The strong ETH also strictly forbids long-
range order of any type at infinite temperature, since the
thermal density matrix, ρˆ = e−βH , is trivial at β = 0.
We stress that the existence of scarred eigenstates (which
indeed have long-range order at finite energy density, as
we show below) is perfectly consistent with the notion
of nonintegrability and the weak ETH, which allows a
zero-measure set of nonthermal states [5].
The effect on the scar states of deformations of the
Hamiltonian (2.1) was studied in Refs. [12, 13]. Ref. [13]
found that a particular deformation enhances the oscil-
latory dynamics of local observables. In Ref. [12] it was
shown that a generalized version of this deformation can
be used to systematically improve the accuracy of the
FSA. These observations seem to suggest a notion of ro-
bustness for the scarring phenomenon. Enhancement of
the many-body scars under the Hamiltonian deformation
has been attributed to the emergence of an approximate
SU(2) algebra [12] that, if exact, would enforce revivals
in the dynamical evolution of the Ne´el state.
Motivated by the archetypal analytically exact scarred
eigenstates in the Hubbard and AKLT models, in this
paper we take an alternative “bottom-up” approach to
the question of many-body quantum scars in the PXP
model. In particular, we study whether and how the
low-energy excitations of the model (2.1) can be used to
construct scarred eigenstates at finite energy density. We
find that such a construction is indeed possible and that
the scarred eigenstates of Eq. (2.1) can be well approxi-
mated by states in which a variable number of magnons
with momentum pi are created above the ground state,
see Fig. 1.
III. MOTIVATING THE pi-MAGNON
DESCRIPTION: LOW-LYING STATES OF THE
PXP MODEL
In this section we analyze some properties of the low-
energy states of the Hamiltonian (2.1) and motivate the
pi-magnon description of the scar states.
A. Ground State
The ground state of the PXP model is gapped and
features exponentially decaying correlations of local ob-
servables [38]. Although it is not known analytically (un-
like in related Rydberg-relevant models [39]), the ground
state may nevertheless be studied for large systems using
DMRG or expressed rather accurately via a variational
wavefunction [38]
|ψ0〉 =
L/2∑
m=0
cm√
wm
(Pσ+)m| ↓↓ · · · 〉, (3.1)
where σ+ = 12
∑
j(Xj + iYj) is a spin raising opera-
tor, P is a global projector onto the constrained Hilbert
space, wm =
(L−m−1)!L
m!(L−2m)! is a degeneracy factor and
cm ∝ e−
(m−m0)2
2δ2 is approximately Gaussian. The wave-
function (3.1) was shown in Ref. [38] to yield estimates
for the ground-state energy and magnetization densi-
ties in good quantitative agreement with DMRG. The
squared overlap of this state with the true ground state
of Eq. (2.1) at L = 24 is roughly 0.98.
B. Single-Mode Approximation
Excitations on top of the ground state can be gener-
ated using the single-mode approximation (SMA) [40–
442], where one acts on the ground state with a den-
sity operator carrying momentum k. We utilize the z-
component of spin to express SMA states as
|k〉 = Nk Zk|GS〉, (3.2a)
where |GS〉 is the true ground state of Eq. (2.1),
Zk =
∑
j
eijkZj , (3.2b)
and
Nk = 〈Z−kZk〉−1/20 , (3.2c)
where 0 denotes a ground state expectation value. The
excitation spectrum, Ek = 〈k|H|k〉, may be expressed as
Ek − E0 = 〈[Z−k, [H,Zk]]〉0
2〈Z−kZk〉0 =
−2E0
〈Z−kZk〉0 , (3.3)
where E0 = −0.6034L is the ground state energy [38]
and where we have explicitly evaluated the double com-
mutator using Eq. (2.1) and (3.2b). Eq. (3.3) resembles
the SMA excitation spectrum for the famous examples
of superfluid Helium and the fractional quantum Hall ef-
fect [40–42].
The first excited state, which we denote |1〉, has mo-
mentum k = pi and is gapped by an amount ∆ = 0.9682
[38], which is within 0.45% of the extrapolated value of
Eq. (3.3). We plot the low-lying spectrum of Eq. (2.1)
in Fig. 2, where a single-magnon branch with a mini-
mum at k = pi is clearly visible. Fitting the single-
magnon branch near k = pi to a relativistic spectrum
Ek−E0 =
√
∆2 + v2k2 and performing finite-size scaling,
we find v = 1.6985, implying a ground-state correlation
length of ξ = v/∆ = 1.7542. One can see from Fig. 2 that
the SMA branch eventually terminates around k = 0.4pi
where it merges with the two-magnon continuum.
We highlight in Fig. 2 the location of the low-lying pri-
mary scar states, which have anomalously high overlap
with the |Z2〉 state. One sees that the scar states live
only at momenta k = 0, pi and include, in particular, the
ground and first excited states. Since the ground and
first excited states can be viewed as states with zero and
one pi-magnon, respectively, we speculate that higher-
energy scar states may be obtained by repeated creation
of pi-magnons above the ground state. This is motivated
by the fact that such a construction (a) would naturally
lead to the observed alternation of the total momentum
between k = 0 and k = pi from one scar state to the
next, and (b) would give rise to states with entangle-
ment entropy scaling as lnL [10, 11] and progressively
higher overlap with the |Z2〉 state, due to the repeated
application of the local SMA operator Zpi on the area-
law-entangled ground state.
C. Variational pi-Magnon Creation Operator
These considerations motivate us to determine the pi-
magnon creation and annihilation operators S±pi to be
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FIG. 2. Low-lying energy levels (blue ticks) of Eq. (2.1) as a
function of total momentum k for L = 24. The SMA energies
given by Eq. (3.3) are plotted as circles whose color scale
indicates the overlap of the corresponding SMA states with
exact eigenstates. A single-magnon branch with a minimum
at k = pi is clearly visible, and eventually merges with the
two-magnon continuum near k = 0.4pi. The dashed line is
a fit to
√
∆2 + v2k2 near k = pi. Primary scar states, which
exist only at momenta k = 0, pi, are highlighted by red circles.
The higher primary scar states can be well represented by a
basis of pi-magnon states (triangles) as we discuss in Sec. IV.
used in constructing states with arbitrary numbers of pi-
magnons. We do this by combining SMAs for both the z
and y spin projections,
S±pi =
Zpi ∓ iαYpi
2
, (3.4a)
where Ypi is understood to act only in the projected sub-
space, i.e.,
Ypi =
∑
j
(−1)j Pj−1YjPj+1. (3.4b)
The real coefficient α is a variational parameter that
we determine by numerical minimization of the positive-
semidefinite cost function
f(α)=1− 1
2
( |〈1|S+pi |GS〉|2
|〈GS|S−pi S+pi |GS〉|
+
|〈GS|S−pi |1〉|2
|〈1|S+pi S−pi |1〉|
)
, (3.5)
where |1〉 is the first excited state. The cost function
f(α) = 0 when both S+pi |GS〉 ∝ |1〉 and S−pi |1〉 ∝ |GS〉,
i.e. when S±pi act as perfect creation and annihilation op-
erators for a pi-magnon. We plot the optimal value of α
as a function of 1/L in Fig. 3, where it is shown that lin-
ear extrapolation to L =∞ gives α = 2.03. In Sec. III D
we show that α ≈ 2 has an interesting interpretation in
terms of an approximate SU(2) algebra generated by S±pi
and H.
The form of Eq. (3.4a) can be fixed by considering,
for simplicity, only single-body operators that act in the
projected space. This restricts us to Zpi, Ypi, Xpi whose
coefficients must be chosen to respect time-reversal sym-
metry (which acts as complex conjugation). At the same
5FIG. 3. Optimal coefficient α of Eq. (3.4a) as a function of
1/L for L = 12, . . . , 30. We determine α by minimizing the
cost function (3.5). Linear extrapolation to L = ∞ yields
α = 2.03. Inset: Optimal value of f as a function of 1/L. For
large L the optimal value of f decreases monotonically.
time, the Hamiltonian (2.1) has a spectral reflection sym-
metry,
CHC = −H, (3.6a)
generated by
C =
∏
i
Zi, (3.6b)
that exchanges eigenstates with positive and negative en-
ergies. In particular, it maps the ground state |GS〉 to the
maximal-energy or “ceiling state” |CS〉 ≡ C|GS〉. Spec-
tral reflection symmetry thus forces the lowering operator
S−pi to be related to the raising operator as
CS±pi C = S
∓
pi . (3.7)
Together with time-reversal symmetry, this implies that
the coefficient of Xpi must vanish, hence Eq. (3.4a).
Using the extrapolated optimized value α = 2.03
at L = 24 we obtain
|〈1|S+pi |GS〉|2
|〈GS|S−pi S+pi |GS〉| = 0.988 . . . and
|〈GS|S−pi |1〉|2
|〈1|S+pi S−pi |1〉| = 0.989 . . . , indicating that the operators S
±
pi
with α = 2.03 indeed act as approximate pi-magnon cre-
ation and annihilation operators. Hereafter we set α = 2
in Eq. (3.4a) for simplicity. Systematic improvements to
Eq. (3.4a) could be obtained by including longer-range
multibody operators and more variational parameters,
or by employing matrix product state techniques [43].
D. Nearly-SU(2) Algebra
The value α ≈ 2 obtained numerically in Sec. III C
has an interesting interpretation in light of the algebra
generated by the ladder operators (3.4a) and the Hamil-
tonian (2.1). This algebra is given by
[S+pi , S
−
pi ] = αH
[H,S±pi ] = ±
(α
4
Zpi ∓ iYpi
)
±OZZZ ,
(3.8a)
where
OZZZ =
α
4
∑
j
(−1)j Zj−1ZjZj+1. (3.8b)
If the term OZZZ were not present, setting α = 2 would
yield [H,S±pi ] = S
±
pi , so that S
±
pi would be exact ladder
operators with respect to the Hamiltonian. If this were
the case, and if we had S−pi |GS〉 = 0, then one would ob-
tain an exact tower of L + 1 pi-magnon eigenstates pro-
portional to (S+pi )
n|GS〉 for n = 0, . . . , L. Moreover, the
pi-magnon number operator S+pi S
−
pi would become a con-
served quantity.
The presence of the term OZZZ spoils the otherwise
closed algebra and appears to preclude the existence of
an exact SU(2) algebra associated with ladder operators
S±pi of the form (3.4a). Nevertheless, the fact that the
numerically determined optimal value α ≈ 2 in Eq. (3.4a)
indicates that, at least at low energies, the presence of the
operator OZZZ does not drastically alter the excitation
spectrum in the thermodynamic limit.
E. Relation to FSA
A nearly-SU(2) algebra equivalent to Eqs. (3.8) ap-
pears in Ref. [12] in the context of the FSA description
of the scarred eigenstates. However, the algebra in that
work treats the Hamiltonian (2.1) itself as a sum of rais-
ing and lowering operators for the staggered magneti-
zation operator Zpi. Thus, it is tempting to view the
algebra of Eqs. (3.8) as being related to the algebra of
Ref. [12] by a change of basis. While this is conceptually
accurate, it is not quantitatively accurate at the level
of the pi-magnon basis constructed in Sec. IV A and the
FSA basis constructed in Refs. [10–12]. The source of
quantitative discrepancy between the two approaches is
precisely the presence of the operator OZZZ that pre-
cludes an exact SU(2) rotation between the two bases.
It is natural to speculate that the two approaches would
be related by such a transformation should there exist a
point in parameter space where the algebra (3.8) becomes
an exact SU(2) algebra, as suggested in Ref. [12].
We nevertheless emphasize the important difference
between the two approaches in terms of physical intu-
ition: whereas the FSA basis states consist of variable
numbers of spin flips on top of the Ne´el state, the pi-
magnon states constructed in Sec. IV A consist of macro-
scopic numbers of pi-magnons on top of the ground state
6of Eq. (2.1). The latter states therefore have a clear phys-
ical interpretation in terms of low-lying excitations of the
model, whereas the former states do not have an obvi-
ous a priori relationship to eigenstates of H and rather
span a Krylov subspace used to diagonalize it. The pi-
magnon picture proposed in this work also motivates sys-
tematic improvements to the pi-magnon basis constructed
in Sec. IV A, which we discuss in Sec. IV B.
IV. TESTING THE pi-MAGNON DESCRIPTION
A. pi-Magnon Tower Basis
Despite the fact that the variational operators S±pi do
not act as exact SU(2) ladder operators with respect to
the Hamiltonian (2.1), we nevertheless can test the ex-
tent to which the tower of pi-magnon states proposed in
Sec. III B is capable of describing the scarred eigenstates.
To this end, we define the “n-pi-magnon” tower of states
|n〉 = Nn (S+pi )n|GS〉, (4.1)
where Nn is a normalization factor and S+pi is given by
Eq. (3.4a) with α = 2. In order to capture the spectral-
reflection symmetry of H, and by extension that of the
set of scar states, we will also find it useful to consider
the “reflected” pi-magnon tower of states
|n˜〉 = Nn (S−pi )n|CS〉 = C|n〉, (4.2)
where the ceiling state |CS〉 = C|GS〉 and where the op-
erator C is defined in Eq. (3.6b). Note that the towers of
states (4.1) and (4.2) automatically include the ground
and ceiling states, as |0〉 ≡ |GS〉 and |0˜〉 ≡ |CS〉.
The states (4.1) and (4.2) have a straightforward phys-
ical interpretation. The former is a state in which some
number n of magnons carrying momentum pi are created
atop the ground state; the latter is an analogous state
with respect to the ceiling state. However, these states
by themselves cannot be true eigenstates of H. In partic-
ular, the set {|n〉} is not orthogonal, nor is the set {|n˜〉};
moreover, the states in {|n〉} are not orthogonal to those
in {|n˜〉}. This failure of orthogonality is a consequence of
the fact that S±pi , which are essentially determined vari-
ationally, are not perfect ladder operators. Nevertheless,
it is still meaningful to ask whether the exact scarred
eigenstates can be accurately represented in terms of the
n-pi-magnon states (4.1) and their reflected counterparts
(4.2).
To investigate this possibility, we implement the fol-
lowing protocol. Given an eigenstate |E〉 of H with en-
ergy E, we compute the portion of its total weight that
lies within the vector space
Vpi = span {|n〉, |n˜〉 | n = 0, . . . , L/2} . (4.3)
Vpi contains a total of L+ 2 states, half of them obtained
from successive applications of S+pi to the ground state
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FIG. 4. System-size dependence of the average of the total
weight (4.4) over the set of primary scarred eigenstates at
k = 0. The average total weights on the vector spaces Vpi
(blue squares) and Vpi,δk (blue dots) of the primary scar states
in the model (2.1) are plotted as a function of 1/L for L =
18, . . . , 26. The average total weight on the vector space Vpi
for the primary scar states in the deformed model (6.1) (red
squares) is plotted for the same values of L. Dashed and
dotted lines are linear extrapolations [44], listed in the inset,
whose y-intercepts correspond to predictions for the average
total weights in the thermodynamic limit. For the model
(2.1), a clear improvement results from using the vector space
Vpi,δk instead of Vpi. For the model (6.1), the vector space Vpi
is sufficient to account for the overwhelming majority of the
weight of a typical scar state.
and the other half from successive applications of S−pi to
the ceiling state. (Note that the system size in our study
is always even.) More concretely, denoting by |ei〉 (i =
1, . . . , L+ 2) an orthonormal basis for Vpi (which can be
found using a standard Gram-Schmidt orthogonalization
procedure), we compute the total weight
WVpi (E) =
dim Vpi∑
i=1
|〈ei|E〉|2 ≤ 1. (4.4)
The weight WVpi (E) attains the maximal value 1 when
the state |E〉 is precisely a linear combination of the
|ei〉. For a typical eigenstate in the middle of the
many-body spectrum, this weight is exponentially small,
i.e. WVpi (E) ∼ dim Vpi/D ∼ L/ϕL, where D is the
Hilbert-space dimension.
In Fig. 4, we show the total weight WVpi (E) aver-
aged over the set of primary scar states in the zero-
momentum sector for system sizes L = 18, . . . , 26. The
average total weight shows a decreasing trend with in-
creasing system size, from ∼ 0.89 at L = 18 to ∼ 0.77 at
L = 26. For comparison, the infinite-temperature aver-
age of WVpi (E) over the zero-momentum sector at L = 26
gives dim Vpi/D = 0.002676 . . . . A linear extrapolation
to L = ∞ [44] yields an average total weight of 0.4392,
suggesting that a typical scar state has finite overlap with
7the pi-magnon tower of states spanning Vpi in the ther-
modynamic limit.
B. Relative Momentum and pi-Magnon Scattering
The pi-magnon description of the primary scar states
can be improved systematically by taking into account
the existence of multimagnon interactions. For example,
in principle nothing prevents two magnons with initial
momentum pi from scattering off one another such that
the two magnons have final momenta pi+ δk and pi− δk,
respectively. Even in the absence of a microscopic under-
standing of such processes, one can account for them by
defining multimagnon states in which pairs of magnons
are allowed to have nontrivial relative momenta.
For example, we can define the n-magnon states (n ≥
2)
|n, δk〉 = Nn,δk (S+pi )n−2
× (S+pi+δkS+pi−δk+S+pi−δkS+pi+δk)|GS〉,
(4.5)
where one pair of magnons has nontrivial relative mo-
mentum δk = 0, 2pi/L, . . . , pi while the remaining n − 2
all have momentum pi. Note that the operator in paren-
theses above, which creates the pair of magnons with
nontrivial relative momentum, is symmetrized with re-
spect to exchanging the momenta of the pair in order to
be consistent with the bosonic statistics of magnons. By
analogy with Eq. (4.2), we also define the reflected states
|n˜, δk〉 = C |n, δk〉. (4.6)
Note that the states (4.5) and (4.6) reduce to the states
(4.1) and (4.2) when δk = 0.
To determine the extent to which the states (4.5) and
(4.6) improve the description of the scar states, we pro-
ceed as we did for the states (4.1) and (4.2). By analogy
to Eq. (4.3), we define the vector space
Vpi,δk = span
{{|0〉, |0˜〉, |1〉, |1˜〉} , (4.7)
{
|n, δk〉, |n˜, δk〉 | n = 2, . . . , L
2
; δk = 0, . . . , pi
}}
,
a basis for which is again obtained by Gram-Schmidt
orthogonalization. The dimension of Vpi,δk now scales as
L2, as opposed to Vpi, whose dimension scales as L. We
subsequently compute the weight WVpi,δk(E), defined by
analogy with Eq. (4.4), for each scar state on the vector
space Vpi,δk.
The average of this weight over all scar states at k = 0
is plotted as a function of system size in Fig. 4. As was
the case for the pi-magnon vector space Vpi, the average
total weight decreases as a function of system size. How-
ever, the numerical value of the average weight at fixed
system size increases substantially with the new choice
of basis, ranging from ∼ 0.997 at L = 18 to ∼ 0.97 at
L = 26. (For comparison, the infinite-temperature result
in the zero-momentum sector at L = 26 is dim Vpi,δk/D =
0.01625 . . . .) Moreover, the estimated average weight at
L =∞ based on linear extrapolation doubles, increasing
from 0.4392 to 0.8884.
Remarkably, this improvement results from including
states in which only one pair of magnons has nontriv-
ial relative momentum. The procedure outlined above
can in principle be repeated ad nauseam by construct-
ing vector spaces from states |n, δk1, δk2, . . . 〉 in which
additional pairs of magnons are allowed to have nontriv-
ial relative momentum. The natural termination of this
procedure arises when every pair of magnons is allowed
to have an independent relative momentum, resulting in
a basis whose size scales exponentially with system size.
Evidently, such a description is not necessary in order
to describe the scar states with high accuracy–a polyno-
mially large basis suffices. This observation suggests the
possibility that magnons with momentum pi scatter more
weakly off of one another than magnons at arbitrary mo-
menta, which could provide a mechanism whereby certain
many-body eigenstates can be well described as states
with a macroscopic number of magnons at momentum pi.
A more thorough investigation of magnon scattering in
the PXP model would thus be an interesting avenue for
future work.
It is interesting to note that the vector space Vpi,δk also
captures certain aspects of the “descendant” (i.e., non-
primary) scar states visible in Fig. 1. To demonstrate
this, we consider the projection PVpi,δk |E〉 of every eigen-
state |E〉 onto Vpi,δk. Although generic eigenstates in-
deed have exponentially small weight on Vpi,δk, there are
a handful of eigenstates with substantial weight on Vpi,δk.
For example, at L = 24 and k = 0 there are 53 eigenstates
whose weight on Vpi,δk exceeds 0.6. In Fig. 1, we plot the
overlap with the Ne´el state and the energy expectation
value of the (normalized) state PVpi,δk |E〉/
√
WVpi,δk(E)
for eigenstates |E〉 with WVpi,δk(E) > 0.6. Comparing
with the exact overlaps and energies, there is clear qual-
itative (and in some cases, including those of the pri-
mary scar states, quantitative) agreement between the
projected and exact states.
V. CONSEQUENCES OF THE pi-MAGNON
DESCRIPTION: SPATIOTEMPORAL
LONG-RANGE ORDER
Having established in Sec. IV that the scar states at
finite energy density can be well-described using states
containing macroscopic numbers of predominantly pi-
momentum magnons, we now discuss several interesting
implications that derive from this fact.
8FIG. 5. pi-magnon density evaluated in the primary scar
states, labeled by the primary scar index m = 0 (ground
state), . . . , L (ceiling state), as a function of 1/L for L =
12, . . . , 30. For scar states at finite energy density (i.e., finite
m/L) the pi-magnon density extrapolates to a finite value,
indicating macroscopic pi-magnon occupation. Furthermore,
the magnon number fluctuations (inset) are also macroscopic,
indicating the presence of magnon condensation. The light
blue data points are results from the deformed Hamiltonian,
Eq. (6.1), which show enhanced pi-magnon order and reduced,
yet still macroscopic, number fluctuations (inset).
A. Scar States as pi-Magnon Condensates
Since magnons are bosonic quasiparticles, it is natural
to anticipate that the scar states can be viewed as Bose-
Einstein condensates of pi-magnons. A scar state can
be viewed as a pi-magnon condensate if it possesses off-
diagonal long-range order (ODLRO) [45] associated with
the pi-momentum component of the one-magnon reduced
density matrix, i.e.,
〈S+pi S−pi 〉/L2 → const. as L→∞. (5.1)
The criterion (5.1) is equivalent to the statement that
the state contains a finite density of pi-magnons in the
thermodynamic limit. In Fig. 5 we show numerically via
finite-size extrapolation to L = ∞ of data from L =
12, . . . , 30 that this is indeed the case for scar states at
finite energy density (i.e., those possessing a macroscopic
number of pi-magnons).
It is important to note that in systems described by the
canonical ensemble, Bose-Einstein condensation is asso-
ciated with the spontaneous breaking of a U(1) particle-
number symmetry. It is evident from Eq. (2.1) that no
such symmetry exists in the PXP model. However, it is
well-known that Bose-Einstein condensation may also be
described using the grand canonical ensemble, where par-
ticles may be exchanged with an external reservoir. In
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FIG. 6. Connected spin correlations in real space at L = 24
for several eigenstates. Scar states at finite energy density
(e.g. the E = 0 scar state) exhibit long-range crystalline order
at wavevector k = pi associated with pi-magnon condensation,
see Eq. (5.2). In a typical state in the middle of spectrum
(near E = 0) the correlations decay as r → ∞, consistent
with the ETH prediction, Eq. (5.3).
this case, the phase-coherent condensate exhibits macro-
scopic number fluctuations. The role of the reservoir is
crucial in this description (even though the coupling is
weak) because it defines the symmetry-breaking field to
which the system is infinitely susceptible. We show in
the inset of Fig. 5 that the pi-magnon number fluctua-
tions are also macroscopic for scar states at finite energy
density.
This leads to an intriguing possibility: that pi-magnon
condensation may be loosely understood by an analogy
to the grand canonical ensemble wherein the pi-magnons
define a bosonic system weakly coupled to an effective
magnon reservoir (e.g. due to thermal states in the spec-
trum). Determining the extent to which this analogy
holds will require understanding how “isolated” the pi-
magnon sector actually is in the PXP model and the
microscopic mechanism behind it. Such questions are in-
teresting topics for future investigations.
B. Space-Time Crystalline Order in Scar States
1. Spatial Eigenstate Ordering
An important consequence of pi-magnon condensation
in the primary scar states relates to the structure of real-
space correlations in these states. Indeed, if a macro-
scopic number of excitations exist at a finite momentum
k = pi in such states, then they must exhibit long-range
order (LRO) in the form of a “magnon density wave”
with wavenumber pi. This implies that operators sensi-
tive to the magnon number will exhibit spatially oscillat-
9ing correlations with a two-site period in the primary scar
states. In particular, since Zi is utilized in the construc-
tion of the magnon creation and annihilation operators,
c.f. Eq. (3.4a), the scar states will exhibit long-range con-
nected correlations of the form
〈ZiZi+r〉c, scar ∼ (−1)r × const., r →∞, (5.2)
where the subscript c denotes connected correlations and
the prefactor depends on the energy of the scar state,
being finite only for states with finite energy density (or,
equivalently, finite pi-magnon density), consistent with
Fig. 5.
In Fig. 6 we plot the spin correlations along the z-
direction for a selection of representative states (corre-
lations along the y-direction show a similar behavior).
We find that the scar states at finite energy density ex-
hibit oscillations at wavenumber k = pi that do not de-
cay with increasing spatial separation r, while a typical
state (or scar states at zero energy density) do decay as
r → ∞, cf. Fig. 6. This provides further evidence for
the breakdown of the strong ETH, which predicts that
infinite temperature correlations decay as
〈ZiZi+r〉c,ETH ∼ (−1)rϕ−2r, r →∞, (5.3)
where ϕ is the golden ratio. While this behavior is consis-
tent with typical states in the middle of the many-body
spectrum (as shown in Fig. 6), it is not true of the scarred
states which instead show correlations of the form (5.2).
2. Temporal Eigenstate Ordering
Another remarkable consequence of pi-magnon conden-
sation in the primary scar states has to do with their
dynamical correlations: the primary scar states exhibit
long-range order in time as well as space. In particu-
lar, as we now argue, the primary scar states near the
middle of the many-body spectrum exhibit unequal-time
correlations of the form
〈Zpi(t)Zpi(0)〉scar/L2 → f(t) as L→∞, (5.4)
where f(t) is some periodic function of time with pe-
riod 2pi/Ω and Ω ≈ 1.33 is the energy spacing between
scar states near the middle of the spectrum. Eq. (5.4)
is the definitive [21] signature of space-time crystalline
order (see Ref. [22] for a review), which we argue be-
low is associated with pi-magnon condensation. We note
that such order does not contradict the established no-
go theorems [21, 46] that preclude time-crystal order in
ground states and at thermal equilibrium; the scar states
are at finite energy density, do not obey ETH, and rep-
resent a vanishing fraction of all eigenstates. Thus, the
space-time crystalline order in the scar states is a purely
nonequilibrium phenomenon.
To see how such temporal long-range order can arise,
we re-express the correlation function on the left-hand
FIG. 7. Scaling of the matrix elements of Zpi entering Eq. (5.5)
as a function of system size (L = 12, . . . , 30) for primary scar
states with index m (defined as in Fig. 5). The Zpi matrix
elements for scar states near the ground state (m = 1, 2)
evidently scale to zero as 1/L, similar to what is observed
for the magnon density in Fig. 5. Matrix elements for scar
states at finite energy density (m = L/4, L/2) appear to scale
towards a constant value as L increases, a necessary condition
for long-range order in time. The outliers visible at certain
system sizes are the result of weak hybridization with generic
eigenstates close by in energy, similar to what was observed
for the entanglement entropy in Ref. [11]. The light blue data
points correspond to the deformed model discussed in Sec. VI,
where the Zpi matrix elements are enhanced and the outliers
no longer present. These results are consistent with those
presented in Fig. 5.
side of (5.4) as
〈m|Zpi(t)Zpi(0)|m〉 = e−iΩt |〈m+ 1|Zpi|m〉|2 (5.5)
+ e+iΩt |〈m− 1|Zpi|m〉|2 + . . . ,
where |m〉 (m = 0, . . . , L) is a primary scar state and
. . . denotes terms depending on matrix elements of Zpi
between the state |m〉 and all other eigenstates. From
Eq. (5.5), it is clear that the condition (5.4) holds if
〈m± 1|Zpi|m〉/L→ const. (5.6)
as L → ∞, while all other off-diagonal matrix elements
〈E|Zpi|m〉 → 0 [47]. The ETH [4] predicts that generic
off-diagonal matrix elements of local operators are expo-
nentially small in system size—thus, Eq. (5.6) is only pos-
sible when the states |m〉 and |m±1〉 are ETH-violating.
Intuitively, the scaling in Eq. (5.6) is plausible within
the magnon-condensate picture of the scar states after
recalling from Eq. (3.4a) that Zpi = S
+
pi + S
−
pi . Indeed,
as shown in Fig. 5, the number of pi-magnons in the
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FIG. 8. Unequal-time spin correlations at momentum pi in
eigenstates of Eq. (2.1). (Note that only the connected part
contributes due to the fact that we are considering finite-
wavenumber correlations.) Spin correlations in scar states at
finite energy density show persistent oscillations, consistent
with Eq. (5.4). The frequency of the oscillations is set by
the effective pi-magnon chemical potential, which separates
neighboring scar states in energy (the energy spacing is Ω ≈
1.33 at L = 24). For generic eigenstates the oscillations decay
(and in fact have a prefactor scaling to zero as L → ∞) due
to the absence of magnon condensation.
scar states |m〉 increases with increasing m and becomes
macroscopic. Thus, it is reasonable to expect that ma-
trix elements of Zpi between consecutive scar states |m〉
and |m± 1〉 would be much larger than matrix elements
between the state |m〉 and other eigenstates of H. We
provide numerical evidence in Fig. 7 that Eq. (5.6) holds
for primary scar states |m〉 with m ∼ L. In Fig. 8, we
demonstrate that the hypothesized space-time-periodic
connected correlations arise in a scar state in the middle
of the many-body spectrum for L = 24, and contrast with
the cases of the ground state and a generic finite-energy
density eigenstate, which do not show such correlations.
The relationship between pi-magnon condensation and
space-time crystalline order is in fact rather natural.
Indeed, it was noted early on that condensates at fi-
nite chemical potential can yield examples of time crys-
tals [48], provided the initial state is not an equilibrium
state [21, 49], with the caveat that the Hamiltonian must
contain U(1)-breaking terms in order for the oscillations
to be observable [21, 49, 50]. Such terms could arise due
to, e.g., coupling the condensate to a bath [50] or another
condensate [21]. This scenario arises naturally in the con-
text of the scarred eigenstates of the PXP model: these
eigenstates contain macroscopic numbers of pi-magnons
and thus exhibit the ODLRO of a condensate, but the
magnon number is not conserved.
It is interesting to interpret the coherent dynamics ob-
served experimentally in Ref. [1] in the language of time-
crystalline order. While the authors of Ref. [1] did not
measure connected correlations in eigenstates of Eq. (2.1)
as we do in Fig. 8, they prepared an initial state, the Ne´el
state, that has disproportionately high overlap with the
scarred eigenstates and thus effectively projects the dy-
namics onto these states. Because this initial state hap-
pens to be a z-basis product state, the connected part
of the spatial correlator 〈Zi(t)Zi+r(0)〉 vanishes. How-
ever, in Fig. 6a of Ref. [1] it is clear that there is a spa-
tially oscillatory component to the measured correlation
function in addition to the temporal oscillations that mo-
tivated subsequent work on quantum many-body scars.
The fact that the system maintains spatial as well as tem-
poral coherence during the evolution can be viewed as an
interaction effect associated with the long-range order of
the scarred eigenstates in both space and time. This idea
can be further tested experimentally by measuring the
correlation function 〈Yi(t)Yi+r(0)〉, again starting from
the Ne´el state. The connected part of this correlator
also exhibits nontrivial spatiotemporal oscillations in the
scarred eigenstates at finite energy density, but now the
initial state is no longer an eigenstate of the operator be-
ing measured, so that a nontrivial connected part can be
extracted from dynamics.
VI. MODEL DEFORMATION
It is intriguing to consider whether the eigenstate or-
der detailed in Sec. V can be considered as a distinct
nonequilibrium or “eigenstate” phase [34]. For this to be
the case, such order would need to be robust with respect
to small changes to the Hamiltonian (2.1). While we will
not consider here an exhaustive study of model deforma-
tions, we will show below that a deformation studied in
Refs. [12, 13] leads to an enhancement of the pi-magnon
description of the scar states and the associated LRO.
This deformation was shown in Ref. [12, 13] to dramat-
ically enhance the coherence and lifetime of the oscilla-
tions due to the scarred eigenstates. That the same de-
formation also enhances the pi-magnon description and
LRO introduced in this work further emphasizes that
these aspects are true hallmarks of the scarred eigen-
states and should be considered essential features of the
phenomenon.
We consider the deformed Hamiltonian H ′ = H+δHR,
where
δHR = −
∑
i
R∑
d=2
hd Pi−1XiPi+1 (Zi−d + Zi+d) (6.1)
was introduced in Refs. [12, 13]. Here R denotes the
range of the deformation. The deformation δH2 was in-
troduced in Ref. [13], where it was found to both enhance
the oscillations and reduce level repulsion in the energy
spectrum for a certain deformation strength, suggesting
the possibility of proximity to an as-yet-unknown inte-
grable point. In Ref. [12], R > 2 was considered and
the parameters hd were tuned to optimize the fidelity of
11
the revivals after the quench from the Ne´el state. It was
shown that this can be accomplished using
hd = h0
(
ϕd−1 − ϕ−(d−1)
)−2
, (6.2)
where h0 ≈ 0.051 is obtained by optimizing the FSA.
Studies of energy level statistics for H ′ [12] indicate that
the deformation with parameters (6.2) does not drive the
system closer to the putative integrable point of Ref. [13].
We find that adding the deformation (6.1) up to range
R = 10 significantly improves the pi-magnon description
of the scar states. In particular, the extrapolated value
of the average total weight of the primary scar states on
the pi-magnon vector space Vpi defined in Eq. (4.3) in-
creases from 0.4392 to 0.9764, see Fig. 4. Remarkably,
this enhancement of the average weight occurs using the
same magnon ladder operators defined in Eq. (3.4a) with
α = 2. Moreover, the relative enhancement of the weight
obtained by replacing Vpi with the enlarged vector space
Vpi,δk, defined in Eq. (4.7), diminishes for the deformed
model. Whereas for the model (2.1) the extrapolated
average total weight more than doubles from 0.4392 to
0.8884 (see Fig. 4), for the deformed model the extrap-
olated averaged weight merely increases from 0.9764 to
0.9970. This indicates that the pure pi-magnon vector
space Vpi provides a much more accurate description of
the scar states in the deformed model than it does in the
original PXP model (2.1), suggesting that the pi-magnons
become further isolated and interact more weakly with
one another in the deformed model.
In addition, the pi-magnon condensation and associ-
ated LRO are enhanced by the deformation (6.1). For
example, in the E = 0 scar state the extrapolated value
of 〈S+pi S−pi 〉/L2 increases from 0.98 to 1.33, while the num-
ber fluctuations are reduced (but remain macroscopic),
see Fig. 5. These results for the deformed model thus
suggest that the phenomena reported here are robust, at
least up to the system sizes (L ∼ 30) accessible by exact
diagonalization.
VII. DISCUSSION AND CONCLUSION
In this paper we explored the properties of atypi-
cal “scarred” eigenstates of the PXP model, Eq. (2.1),
which was recently realized in a Rydberg-atom quan-
tum simulator. We showed that these special states can
be accurately represented by a basis of states contain-
ing macroscopic numbers of magnons with momentum pi
(see Sec. IV). This description is surprising given that
generic scarred eigenstates have finite energy density,
while pi-magnons are the lowest-lying excitations above
the ground state (see Sec. III); in generic nonintegrable
quantum many-body systems such a quasiparticle de-
scription is not operative at finite energy density. The
pi-magnon description of the scar states leads to a remark-
able set of new predictions for these states at finite en-
ergy density, which we test numerically in Sec. V. In par-
ticular, we demonstrated that the finite-energy-density
scar states exhibit long-range order associated with pi-
magnon condensation. The condensation of magnons at
momentum pi combined with the near-constant energy
spacing between scar states in the middle of the many-
body spectrum gives rise to persistent density oscillations
in both space and time. Thus, the scarred states can be
regarded as having nonequilibrium space-time crystalline
order. We also demonstrated that a deformation [12, 13]
of the PXP model that enhances the fidelity of the post-
quench revivals also enhances the pi-magnon description
and long-range order that we uncovered in this work.
This suggests that the phenomena we discuss are both
stable and essential properties of the dynamical “phase”
defined by the emergence of scarred eigenstates (to the
extent that such a phase exists). An interesting test of
this idea for future work would be to examine whether
a picture similar to the one developed here can also be
applied to generalizations of the PXP model like those
studied in Refs. [15, 51], which also appear to support
scarred eigenstates.
It is important to note that the quasiparticle picture
developed in this work is very different from the one sug-
gested in Ref. [14] and extended in Ref. [52]. In those
works, the finite-energy-density scar states near zero en-
ergy (i.e., in the middle of the many-body spectrum) are
approximated by an SMA-like variational Ansatz on top
of the exact zero-energy eigenstate found in Ref. [14].
(Interestingly, this exact eigenstate is not a primary
scar state, i.e., there are many other zero-energy eigen-
states [10, 53], some of which have higher overlap with
the Ne´el state.) In contrast, the pi-magnon description of
the scar states developed here involves elementary exci-
tations above the ground state. These two quasiparticle
pictures lead to very different predictions for the scaling
of the scar-state entanglement entropy with system size
in the thermodynamic limit: while the pi-magnon picture
in this work is naturally consistent with the logarithmic
entanglement scaling found in Ref. [11], the quasiparticle
picture of Refs. [14, 52] is not. This is because the varia-
tional Ansatz states used in Refs. [14, 52] to approximate
the scar states closest to zero energy arise from applying
a local operator to a finite-bond-dimension MPS, and as
such must have area-law entanglement. It is also unclear
whether the quasiparticle picture of Refs. [14, 52] can
be used to explain the eigenstate properties uncovered in
this work. A more detailed study of the quasiparticle pic-
ture of Refs. [14, 52] would be necessary to clarify these
points.
In the future it will be important to understand the
microscopic mechanism behind the stability of the pi-
magnon condensation reported here, as well as why these
excitations remain “well-isolated” from magnon states
with other momenta. One possible explanation discussed
in Sec. III D and in Ref. [12] is the emergence of an ef-
fective SU(2) algebra (similar to η−pairing in the Hub-
bard model) where the true pi-magnon creation opera-
tor becomes an eigenoperator of the Hamiltonian. If
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such an algebra does indeed emerge in some point or
region of parameter space, it would be interesting to
track the properties of the pi-magnons and their scat-
tering as this point/region is approached. Our work sug-
gests the possibility of shedding light on these questions
using well-established matrix product state methods for
extracting scattering properties of low-lying excitations
in spin chains [43]. Studying how pi-magnons interact
with magnons at other momenta at low energies could
allow one to develop a “bootstrapped” understanding of
the finite-energy density scar states; indeed, the central
message of this paper is that low-lying excitations and
their properties help to determine the characteristics of
these special highly-excited eigenstates.
More broadly, much remains to be understood about
the presence of quantum many-body scars in the PXP
model and its relatives. While the stability of the co-
herent dynamics and associated eigenstate properties to
perturbations has already been discussed here and in
Refs. [12, 13], the basic question of the existence of these
properties for the PXP model in the thermodynamic limit
is not yet settled. The lack of progress on this front is
due to the strongly interacting nature of the problem and
the limited system sizes accessible to exact diagonaliza-
tion, for which finite-size extrapolation may be mislead-
ing. Hints that problems may appear as the thermody-
namic limit is taken have already arisen in existing data.
For example, the entanglement entropy scaling in Fig. 8
of Ref. [11] exhibits non-monotonic behavior that can be
attributed to hybridization between the scar states and
other volume-law states nearby in energy. Another ex-
ample is the outliers in our Fig. 7 at m = L/4, L/2, which
can also be attributed to such hybridization. It remains
to be seen whether such resonances ultimately destroy
the scar states and make them generic as L→∞. How-
ever, the fact that there exists a deformation that en-
hances the atypical properties of the scar states, includ-
ing the long-range order studied in this work, seems to
suggest that there may exist a point or small region in
parameter space where such properties are truly stable in
the thermodynamic limit. Further progress on this ques-
tion will likely require an improved analytic understand-
ing of the scarred eigenstates, and we anticipate that the
pi-magnon picture developed in this work will contribute
to further progress in this direction.
Finally, it is interesting to consider other contexts in
which quantum many-body scars can arise, beyond the
examples of η-pairing states and bimagnons in the AKLT
chain that we have already discussed. For instance,
Ref. [52] suggests that phenomena analogous to the long-
lived oscillations observed in the PXP model can also
arise in lattice gauge theories, which can show slow dy-
namics due to a mechanism reminiscent of the Schwinger
effect. (In fact, the authors provide a mapping between
the PXP model and such a gauge theory. It would be in-
teresting to reinterpret the results of our work in the lat-
tice gauge theory context.). In Ref. [54], an exact family
of finite-energy-density eigenstates with area-law entan-
glement was found in a class of otherwise ETH-obeying
spin ladders. More generally, Refs. [55] and [56] have
proposed systematic constructions of Hamiltonians with
exact quantum many-body scar states using local pro-
jection techniques, and Ref. [57] has proposed a distinct
mechanism related to symmetry constraints on quantum
dynamics. Furthermore, Ref. [58] found that persistent
oscillations after quantum quenches from generic initial
states can arise in any CFT on a sphere due to the exis-
tence of a set of conserved charges associated with con-
formal Killing vectors. These charges are related to gen-
erators of an sl(2,R) algebra involving the Hamiltonian,
in a manner reminiscent of the (nearly-)SU(2) algebras in
Sec. III D and Ref. [12]. There are many open questions
regarding the ubiquity and robustness of these mecha-
nisms and the interrelations between them, if any. At the
very least, these developments suggest an exciting new di-
rection in the study of highly excited states of quantum
many-body systems and the dynamical features enabled
by such states.
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